We consider a non-static evolving version of the regular "black-bounce"/traversable wormhole geometry recently introduced in arXiv:1812.07114 [gr-qc]. We first re-write the static metric using Eddington-Finkelstein coordinates, and then allow the mass parameter m to depend on the null time coordinate (à la Vaidya). The spacetime metric is
Introduction
Ever since Bardeen initially proposed the concept of a regular black hole in 1968 [1] , this notion has continually attracted significant attention. See for instance the discussion in references [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Specifically in reference [14] two of the current authors considered the static spacetime:
Adjusting the parameter a, assuming without loss of generality that a > 0, and following the analysis of reference [14] , this metric represents either:
1. The ordinary Schwarzschild spacetime (a = 0); 2. A "black-bounce" with a one-way spacelike throat (a < 2m); 3. A one-way wormhole with a null throat (a = 2m), compare [10] ; or 4. A traversable wormhole in the Morris-Thorne sense (a > 2m), see [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
In the current article we explore a (relatively) tractable way of adding time dependence to this spacetime. We start by re-writing the static spacetime in Eddington-Finkelstein coordinates ds 2 = − 1 − 2m √ r 2 + a 2 dw 2 − (±2 dw dr) + r 2 + a 2 dθ 2 + sin 2 θ dφ 2 .
(1.2)
Here w = {u, v} is the {outgoing, ingoing} null time coordinate, that is it represents {retarded, advanced} time. Here the upper + sign corresponds to u, and the lower − sign corresponds to v. We now invoke a Vaidya like trick [31] [32] [33] [34] [35] [36] [37] , by allowing the mass parameter m(w) to depend on the null time coordinate. That is we consider the spacetime described by the metric
When a → 0 this is just the standard Vaidya spacetime [31] [32] [33] [34] [35] [36] [37] , (either a "shining star" or a star accreting a flux of infalling null dust). This metric can be used either to study the collapse of null dust, or the semiclassical evaporation of black holes. When the parameter m(w) → m is a constant we just have the static black-bounce/traversable wormhole of reference [14] . The point of introducing time dependence in this precise manner is to keep calculations algebraically tractable; and so provide a simple model of an evolving regular black hole. Another considerably less tractable option, which -2 -will not be explored in this paper, would consist of promoting the parameter a to a(w), with m either kept constant or not.
So it is natural to argue that, on one hand, for an increasing function m(v) crossing the a/2 limit, the spacetime metric (1.3) describes the conversion of a wormhole into a regular black hole by the accretion of null dust. On the other hand, for a decreasing function m(u) crossing the a/2 limit, the situation will correspond to the evaporation of a regular black hole leaving a wormhole remnant. Moreover, this may be related to the more-or-less equivalent process of phantom energy accretion onto black holes, which should, however, be studied considering negative energy and using the ingoing null coordinate v. (For related discussion see references [38] [39] [40] [41] [42] [43] and [44, 45] .) Finally, it is worth noticing that one can describe the transmutation of a regular black hole into a wormhole and vice versa in this classical description only because the black hole is regular and, therefore, there is no topology change. It should be noted that "blackbounce" models have recently become quite popular, though more typically for bounces back into our own universe, see for instance references [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . Not all of these bounce models are entirely equivalent, either to each other or to the bounce scenarios of this current article.
In this paper we will investigate whether the above mentioned physical scenarios can actually be described by metric (1.3) and analyze interesting physical characteristics of this geometry. The paper is structured as follows: In Section 2 we set up the generic geometric basics for our models; then in Section 3 we discuss the Einstein tensor and related energy conditions. In Section 4 we develop some specific physical models (with either ingoing or outgoing null flux), and exhibit some relevant Carter-Penrose diagrams. We discuss the overall framework and draw conclusions in Section 5. Specific and exhaustive technical computations of curvature tensors and curvature invariants are relegated to the appendix.
Geometric basics
In the present work we consider the metric
where the coordinates have natural domains:
2)
Here w = {u, v} denotes the {outgoing, ingoing} null time coordinate, and ± → + for u, while ± → − for v.
The radial null curves are found by setting
corresponding to 4) and the associated radial null vectors are proportional to k a = (0, 1, 0, 0) and
respectively. For tangential null curves (that is, dr = 0) we can without any loss of generality set φ = 0 and concentrate on
for which the associated tangential null vectors (defined only for √ r 2 + a 2 ≥ 2m(w)) are proportional to
As for the static case analyzed in reference [14] , we can define a "coordinate speed of light" that is equal to dr/dw. If 2m(w) > a, this quantity vanishes at
so we have a dynamical apparent horizon. The existence of a future/past event horizon depends on the presence or absence of an apparent horizon in the limit t → ±∞. We already know from the static case [14] , that there is a throat/bounce hypersurface at r = 0. At this hypersurface the induced 3-metric is
Geometrically, this induced 3-geometry is always a cylinder, though potentially of variable signature. Specifically this r = 0 hypersurface is timelike if 2m(w)/a < 1, null (lightlike) if 2m(w)/a = 1, and spacelike if 2m(w)/a > 1. These correspond to a traversable wormhole throat, a one-way null throat, or a "black-bounce" respectively, where now (as opposed to the static discussion of reference [14] ) the nature of the throat can change in a w-dependent manner. Because of this feature, the relevant Carter-Penrose diagrams will thus depend on the entire history of the ratio 2m(w)/a over the entire domain w ∈ (−∞, +∞). Since the Carter-Penrose diagrams are constructed to exhibit intrinsically global causal structure, to determine them one needs global information regarding 2m(w)/a.
Einstein tensor and energy conditions
In Eddington-Finkelstein coordinates, as long as a = 0, both the metric g ab and the inverse metric g ab have finite components for all values of r. Moreover, as it was shown in detail for the static case [14] , and as we shall analyze for the dynamical case in the appendix below, all the curvature tensors (Riemann, Weyl, Ricci, Einstein) have finite components for all values of r. Consequently, even for a time-dependent m(w) one still has a regular spacetime geometry -there are no curvature singularities.
We discuss here in some detail the results for the Einstein tensor, since it is strongly related with the stress-energy tensor in GR. The Einstein tensor has non-zero components:
withṁ(w) = dm/dw. Note that the derivative termṁ(w) only shows up linearly, and only in a very restricted way. In fact we can write
where we remind the reader that the upper − sign corresponds to the outgoing coordinate u and the lower + sign to the ingoing coordinate v. It is interesting to underline that the derivative term is precisely the only term present in the pure Vaidya case where a = 0. Note that G ab ∝ T ab . So, it is like we were considering a flux equivalent to that of the Vaidya geometry on top of the (now dynamical) fluid that generates the static spacetime. It is in this sense that we will discuss the existence of a null flux proportional toṁ(w) in the dynamical region of the geometry in Section 4.
Now, let us consider the nature of the matter content generating these geometries. We already know that the material supporting the static geometry, with m(w) = m, violates the Null Energy Condition (NEC) [14] . This condition is a necessary requirement for forcing all timelike observers to see non-negative energy densities. As the NEC is used in the singularity theorems to assure convergence of geodesics in GR, one should already expect to have some violations in wormholes, where the throat has to flare out, or in black bounces, which avoid the formation of singularities [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] .
In the dynamical case, some results of the static geometry will be recovered, but there will also be some crucial differences. For the specific radial null vector k a = (0, 1, 0, 0) we have
This implies that in GR the stress-energy tensor is always NEC violating. Although the result above is already enough to conclude the violation of the NEC, let us study other contractions in order to figure out the effect of having a non-constant mass. For the other radial null vector k a = 1, ∓ 1 2 1 − 2m(w) √ r 2 +a 2 , 0, 0 , where the minus sign corresponds to u and the plus sign to v, we have
The non-derivative term is always NEC violating. The derivative termṁ(w) might or might not be NEC violating depending on sign. When considering ingoing radiation (described by v) the stress-energy tensor that can be constructed considering only the derivative term satisfies the NEC for non-decreasing m(v). For outgoing radiation the situation is the opposite, so the NEC is satisfied by that flux forṁ(u) < 0. Overall NEC violation in this particular direction would depend on relative magnitudes and signs.
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In contrast, for the transverse null vector k a =
The non-derivative term is now NEC satisfying for wormholes and outside the horizon of regular black holes. The derivative termṁ(w) might or might not be NEC violating depending on sign. Overall NEC violation in this particular direction would depend on relative magnitudes and signs. However, we emphasize that to violate the NEC it is sufficient to have even one direction in which we have non-positive contraction G ab k a k b . This certainly occurs for the radial direction, see (3.6) .
Summarizing, we can write
Whereas T nonderivative ab always violates the NEC in the radial direction; the flux described by T derivative ab satisfies the NEC for ingoing radiation withṁ(v) ≥ 0 and for outgoing radiation withṁ(u) ≤ 0.
Physical models
In this section we analyze some particular evolutionary scenarios that can be described by the spacetime metric (1.3). In particular, we focus on several situations of direct physical interest first taking ingoing Eddington-Finkelstein coordinates and later outgoing Eddington-Finkelstein coordinates. We classify those scenarios as having ingoing or outgoing radiation, respectively, focusing attention on the T derivative ab part of the stress-energy tensor, which is not present in the static case.
Models with ingoing radiation
Let us now focus on the spacetime metric (1.3) with ingoing (advanced) Eddington-Finkelstein coordinates. That is
As is well known, in the standard Vaidya situation [31] [32] [33] [34] [35] [36] [37] , (that is for a = 0), this metric describes an ingoing null flux with T vv ∝ 2ṁ(v)/r 2 . So, the black hole mass -7 -increases as a result of an ingoing flux with positive energy. When a = 0, the geometry is generated by a non-vanishing stress-energy tensor even in the static case, m(v) = m. But, as we have discussed in the previous section, when one allows m(v) to be a dynamical quantity, then an extra null flux term will appear in that tensor. That is
So, the derivative contribution to the null flux is positive forṁ(v) > 0 and negative foṙ m(v) < 0. In this case we can distinguish three different physically relevant situations. Denoting m 0 as the initial mass, two of them are characterized byṁ(v) > 0 and the last one byṁ(v) < 0. These three scenarios are:
Growing black-bounce (a < 2m 0 ). For an outside observer in our universe the initial situation will be similar to that for a black hole with an apparent horizon given by r +0 = (2m 0 ) 2 − a 2 ; however, the interior region will instead describe a bounce into another universe. Now, turn on an additional positive ingoing null flux by considering a non-constant increasing function m(v). With the increase of m(v), the radius of the apparent horizon will also increase, r + (v), leading to a bigger black object. A particularly simple example is that of linear growth, given by
with α > 0. In this case, there is an apparent horizon at
and an event horizon, which partially overlaps with the final apparent horizon, located at
The Carter-Penrose diagram for this scenario can be seen in Figure 1 , whereas in Figure  2 we show the resulting spacetime if one considers that a similar flux is turned on in the parallel universe. or the non-zero components are a little more complicated:
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will be that of a travers Now, we again turn on non-constant increasing properties of the geom ; Figure 1 . Carter-Penrose diagram for a growing black-bounce. There is positive radiation being accreted by the black-bounce for 0 < v < v f (shown by arrows in the diagram). The apparent horizon evolves from AH 0 to AH f . Note that before the influx of this radiation the diagram is symmetric; however, during accretion of the fluid by the black-bounce the diagram is asymmetric, and after the subsequent post-accretion bounce the diagram is again symmetric but shifted to the right. sor the non-zero components are a little more complicated:
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Wormhole to blackwill be that of a traver Now, we again turn o non-constant increasin properties of the geom . Carter-Penrose diagram for a growing black-bounce. We now restore the symmetric character of the diagram by assuming that, for some reason, there is also positive radiation being accreted by the black-bounce of the parallel universe for 0 < v < v f .
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Wormhole to black-bounce transition (a > 2m 0 ). In this case, the initial scenario will be that of a traversable Morris-Thorne wormhole (which could even have m 0 = 0). Now, we again turn on an additional ingoing flux with positive energy, by taking a non-constant increasing function m(v). At first, this will have no effect in the causal properties of the geometry. But, if the increasing function m(v) crosses the critical value a/2, then we will momentarily have a one-way wormhole, and then a regular black hole will form. So sufficiently large ingoing positive null flux will lead to the transition from a wormhole to a regular black hole. As in the previous case, we could consider
The Carter-Penrose diagram of this scenario can be seen in Figure 3 . This situation can be interpreted as the accretion of energy satisfying the NEC onto a wormhole. When the mass of the hole reach the value 2m(v) = a, its causal character changes from timelike to spacelike, momentarily passing through null. At that point, an apparent horizon forms to hide the spacelike bounce. The event horizon of our space, which partially overlaps with the final apparent horizon, is placed at zero components are a little more complicated:
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Wormhole to black-bounce transition (a > 2m 0 ). will be that of a traversable Morris-Thorne wormhole Now, we again turn on an additional ingoing flux w non-constant increasing function m(v). At first, this properties of the geometry. But, if the increasing fu -8 -another universe. Now, turn on a non-constant increasing func the apparent horizon will also particularly simple example is
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Wormhole to black-bounce will be that of a traversable Mo Now, we again turn on an ad non-constant increasing functio properties of the geometry. B O u r U n i v e r s e Figure 3 . Carter-Penrose diagram for a wormhole to black-bounce transition. There is an incoming flux of positive radiation into the wormhole (depicted by arrows) that causes its transmutation into a black-bounce. That is, the timelike wormhole throat hypersurface becomes a spacelike black-bounce hypersurface, passing through being null at the point from which the apparent horizon emerges. Since there is a final apparent horizon, our universe would have an event horizon which cannot end at the throat (which is not a boundary of the spacetime) and, therefore, continues through the other universe.
Phantom energy accretion onto a black-bounce. We could also consider the case in which the additional ingoing flux that we turn on when allowing m(v) to vary is characterized by a negative energy density. This type of exotic fluid is called phantom energy in a cosmological setting. The accretion of phantom energy into black holes has been studied in the test-fluid regime [38] [39] [40] [41] [42] [43] , predicting a decrease of the black hole mass. With the present formalism we could take into account the back-reaction of this process, by using the advanced metric (4.1), but consideringṁ(v) < 0. However, an important difference with that picture is that our static geometry is a non-vacuum solution of the Einstein equations. We consider again for simplicity a finite region of linear evolution, that is now
The apparent horizon of the regular black hole decreases due to the accretion of phantom energy. At 2m(v) = a, this horizon disappears and the bounce surface is null, becoming then timelike. So, an ideal observer in this universe will see a black hole that is converted into a wormhole. The Carter-Penrose diagram of this scenario can be seen in Figure 4 . with ↵ > 0. In this case, there is an appare and an event horizon, which partially overlaps at r +f = p (2m 0 + 2↵ v f ) 2 a 2 . The Carter-P seen in Figure 1 . by r +0 = p (2m 0 ) 2 a 2 ; another universe. Now, t a non-constant increasin the apparent horizon wi particularly simple exam m(v with ↵ > 0. In this cas and an event horizon, wh at r +f = p (2m 0 + 2↵ v f seen in Figure 1 .
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; So, the derivative contribution to the null flu ṁ(v) < 0. In this case we can distinguish th Denoting m 0 as the initial mass, two of the last one byṁ(v) < 0. These three scenarios
Growing black-bounce (a < 2m 0 ). For initial situation will be similar to that for a by r +0 = p (2m 0 ) 2 a 2 ; however, the interio another universe. Now, turn on an additiona a non-constant increasing function m(v). W the apparent horizon will also increase, r + particularly simple example is that of linear
with ↵ > 0. In this case, there is an appa and an event horizon, which partially overlap at r +f = p (2m 0 + 2↵ v f ) 2 a 2 . The Carter seen in Figure 1 .
Wormhole to black-bounce transition (a will be that of a traversable Morris-Thorne w Now, we again turn on an additional ingoi non-constant increasing function m(v). At properties of the geometry. But, if the inc -8 Figure 4 . Carter-Penrose diagram for a black-bounce to wormhole transition due to the accretion of phantom energy. The arrows indicate the region where the phantom fluid is being accreted. There is a black-bounce in our universe, characterized by an apparent horizon, that converts into a wormhole. Therefore, there is no event horizon in our universe.
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Model with outgoing radiation
It is also interesting to consider the spacetime metric (1.3) with outgoing (retardad) Eddington-Finkelstein coordinates. That is Classical effective description of black hole radiation. Of course, one should first study carefully the semi-classical properties of this solution to interpret the outgoing flux as semi-classical [76, 77] . However, it is interesting to consider this scenario as we may have a black-bounce to wormhole transition similar to that already considered in the previous subsection. In this case it would be interesting to emphasize that the remnant of the black-bounce would be a wormhole. The Carter-Penrose diagram of this scenario can be seen in Figure 5 . e non-zero components are a little more complicated: = m(2r 2 a 2 ) ; initial situation will be si by r +0 = p (2m 0 ) 2 a 2 ; another universe. Now, t a non-constant increasin the apparent horizon wi particularly simple exam m(v with ↵ > 0. In this cas and an event horizon, wh at r +f = p (2m 0 + 2↵ v f seen in Figure 1 .
In this case, there is an appa and an event horizon, which partially overlap at r +f = p (2m 0 + 2↵ v f ) 2 a 2 . The Carter seen in Figure 1 .
Wormhole to black-bounce transition (a will be that of a traversable Morris-Thorne w Now, we again turn on an additional ingoi non-constant increasing function m(v). At properties of the geometry. But, if the inc -8 Figure 5 . Carter-Penrose diagram for a black-bounce to wormhole transition due to the emission of positive energy. This diagram is very similar to that shown in Figure 4 , however, now there is a (positive) flux being emitted by the black-bounce and wormhole.
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Discussion
In this article we have presented several simple and tractable scenarios for the time evolution of the regular "black-bounce"/traversable wormhole spacetime considered in reference [14] . These models provide a good framework for considering "black-bounce" ←→ traversable wormhole transitions. However, despite the generality of our simple models, it should be noted that in this framework a black-bounce cannot be formed by gravitational collapse from an ordinary stellar object. This is because in the limit m → 0, we have a traversable wormhole instead of Minkowski spacetime. So, in order to describe the physically relevant situation of stellar collapse one should go beyond our simple treatment above and consider both a(w) and m(w) appropriately. Note that computations would then be significantly more complex, and more importantly that there would then be a qualitative difference between the cases a = 0 and a = 0. We leave such considerations for future work.
Similarly we shall soon see that the curvature tensors (Riemann, Weyl, Ricci, Einstein) have finite components for all values of r. Consequently, even for a time-dependent m(w) one still has a regular spacetime geometry -there are no curvature singularities.
With this in mind, for simplicity we first consider the non-zero components of the Weyl tensor:
Note that there are no derivative contributions (noṁ(w) = dm(w)/dw contributions) to the Weyl tensor, and that the Weyl tensor components are finite at all values of r.
For the Riemann tensor the non-zero components are a little more complicated: Note that the derivative termṁ(w) only shows up linearly, and only in a very restricted way.
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The Ricci tensor has non-zero components:
R uu = ∓ 2rṁ(w) (r 2 + a 2 ) 3/2 + a 2 m(w) 1 − 2m(w) √ r 2 +a 2 (r 2 + a 2 ) 5/2 ; (A.10)
R ur = ± a 2 m(w) (r 2 + a 2 ) 5/2 ; (A.11)
R rr = −2a 2 (r 2 + a 2 ) 2 ;
(A.12)
Note that the derivative termṁ(w) only shows up linearly, and only in a very restricted way. In fact for the outgoing u coordinate we we can write
On the other hand, if we had taken instead the ingoing coordinate v, we would have obtain R vr = −R ur and a sign flip in the derivative term of R vv with respect that of R uu . That is,
The Einstein tensor has been discussed in Section 3, and those formulae will not be repeated here.
Note that all of these curvature tensor components are finite at all values of r. From the discussion above, it is already clear that all of the (polynomial) curvature invariants are all finite for all values of r. For instance, the Ricci scalar is:
Note this is independent of the derivative termṁ(w).
Furthermore, the Ricci contraction R ab R ab is:
R ab R ab = ± 8a 2 rṁ(w) (r 2 + a 2 ) 7/2 + 4a 4 (r 2 + a 2 ) 4 1 − 3m(w) √ r 2 + a 2 + 9m(w) 2 2(r 2 + a 2 ) ; (A.17) = ± 8a 2 rṁ(w) (r 2 + a 2 ) 7/2 + 4a 4 (r 2 + a 2 ) 4 1 − 3m(w) 2 √ r 2 + a 2 2 + 9m(w) 2 4(r 2 + a 2 )
. (A.18)
Note that the derivative termṁ(w) only shows up linearly. Note that the non-derivative contribution is a sum of squares and so automatically non-negative. In 3+1 dimensions G ab G ab = R ab R ab , so the G ab G ab contraction provides nothing new.
The Weyl contraction C abcd C abcd is a perfect square
The Kretschmann scalar is: 20) and so (in view of the above) without further calculation we have R abcd R abcd = ± 16a 2 rṁ(w) (r 2 + a 2 ) 7/2 (A.21) + 12a 4 (r 2 + a 2 ) 4 1 + 8m(w)(r 2 − a 2 ) 3a 2 √ r 2 + a 2 + m(w) 2 (4r 4 − 4a 2 r 2 + 3a 4 ) a 4 (r 2 + a 2 ) .
Note that the derivative termṁ(w) only shows up linearly. All the curvature invariants are well-behaved everywhere throughout the spacetime.
